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Abstract The main purpose of this paper is to study the arithmetical properties of the 
primitive numbers of power p by using the elementary method, and give some interesting 


identities and asymptotic formulae. 


Keywords Primitive numbers of power p; Smarandache function; Asymptotic formula. 


81. Introduction 


Let p be a fixed prime and n be a positive integer. The primitive numbers of power p, 
denoted as S,(n), is defined as following: 


S,(n) = min{m:m € N,p"|m!}. 


In problem 47,48 and 49 of [1], Professor F.Smarandache asked us to study the properties of 
the primitive numbers sequences {5,(n)}(n = 1,2,---). It is clear that {S,(n)}(n = 1,2,---) 
is the sequence of multiples of prime p and each number being repeated as many times as its 
exponent of power p is. What’s more, there is a very close relationship between this sequence 


and the famous Smarandache function S(n), where 
S(n) = min{m:m € N,n|ml}. 


Many scholars have studied the properties of S(n), see [2], [3], [4], [5] and [6]. It is easily to 
show that S(p) = p and S(n) < n except for the cases n = 4 and n = p. Hence, the following 
relationship formula is obviously: 


n(ey= 1+ > [2], 


where a(x) denotes the number of primes up to x, and [z] denotes the greatest integer less 
than or equal to «. However, it seems no one has given some nontrivial properties about the 
primitive number sequences before. In this paper, we studied the relationship between the 
Riemann zeta-function and an infinite series involving S,(n), and obtained some interesting 
identities and asymptotic formulae for S,(n). That is, we shall prove the following conclusions: 
Theorem 1. For any prime p and complex number s, we have the identity: 
St a) 
ain) pee 


n=1 
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where ¢(s) is the Riemann zeta-function. 
Specially, taking s = 2,4 and p = 2,3,5, we have the 
Corollary. The following identities hold: 


= 1 T = 1 T = 1 mt 
d S3(n) 1350’ Ss S4(n) 72007 dX St(n) 56160" 
Theorem 2. Let p be any fixed prime. Then for any real number x > 1, we have the 


asymptotic formula: 


= 1 1 per) 21 

= —— |Ine+y+ + O(a 2°), 
ea 
Sp(n) <a 


where ¥ is the Euler constant, « denotes any fixed positive number. 
Theorem 3. Let k be any positive integer. Then for any prime p and real number x > 1, 


we have the asymptotic formula: 


§2. Proof of the theorems 


To complete the proof of the theorems, we need a simple Lemma. 


Lemma. Let b,T are two positive numbers, then we have 


i 1 : . 
; a 140 (amin (1, -4>)), ifa>1; 
—ds = O (a? min (1, 75-)), if0<a<l; 
3+0(4), ifa=1. 
Proof. See Lemma 6.5.1 of [8]. 
Now we prove the theorems. First, we prove Theorem 1. Let m = S,(n), if p®||m, then the 
same number m will repeat a times in the sequence S,(n) (n = 1,2,---). Noting that 5,(n) 


(n = 1,2,---) is the sequence of multiples of prime p, we can write 


a 1 eee a a 
dsm ~ Dy ime 2 2X prem 
p*||m (m,p)=1 
“a 1 1 “a 
7 OS) =| + Oe 


Since 
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we have the identity 


St le) 
< S3(n) pe -1 
This completes the proof of Theorem 1. 
Now we prove Theorem 2 and Theorem 3. Let x > 1 be any real number. If we set 


a = ~*~ in the lemma, then we can write 
Sp(n) 


1 b+iT 0 a 
ao ————ds 
2nt I, d Sp *(n)s 
Sp(n)<a 
S sm+o| + a5 Lo e 
= n min | 1, , 
n=1 ° n=1 Sp “(n) Tin (5 +) 
Sp(n)Se Sp(n)Se , 
1 bHiT s oe b 1 
os —"__ds = O S- inn 1, ——\——_ ? (2) 
2rt Joi EA Sp "(n)s n=1 Sp “(n) Tln (s +) 
Sp(n)>x Sp(n)<a ‘ 


where k is any integer. Combining (1) and (2), we find 


1 b+HiT 5 © 1 
es a ne 
Qni io 8 2: Son) 


n=1 


co CO b 


= S- SE(n) +O DS ey min a . (3) 


n=1 n=1 
Sp(n)<x 


Then from Theorem 1, we can get 


oS Lf? fake 1 
kip) — GUS — Ra” bo: + 
= Ss(n) = a - (pF — Tl O | « min | 1, (4) 


Now we calculate the first term in the right side of (4). 
When & = —1, taking b = s and T = x, we move the integral line from s = 5 + iT to 
s= —4 + iT. This time, the function 


¢(s + 1)a* 
3) = a ae 
(ptt — 1)s 
have a second order pole point at s = 0. Its residue is aay (Inw +y- vp) . Hence, we can 


write 


1. pee ¢(s + 1)a* 
Qri Ji_zp (pett—1)s 


2 


1_; lis Lie 
1 l 1 —3-iT —_tiT git 1)x8 
= (ms ty = 2) : | + +/ See La (5) 
pod pol ant \ Ji_er -1-iT Stagg} (pet* — 1s 


ds 
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We can easily get the estimate 
ios i 
1 —371T gtitT +1)2° 
=o / 4 fi ig G a ag 
2m 4-iT —iHiT (pee? = 1s 
(petit —1)T 


5417 
wil ye GARI” 
Ini — 1)s 


Combining (4), (5), (6) and i ), we have 


= 1 1 
aS (me bqitee =f) + O(a7 2t®), 
= (n) ~p—1 


n)<a 


and 


This is the result of Theorem 2. 
When k > 1, taking b = k + 3 and T = «, we move the integral line of (4) from s =k + 3 
tos=k+ s. Now the function 


¢(s — k)ax* 
g(s) = (pF — 1s 
have a simple pole point at s = k +1 with residue (poet Using the same method we can 
also get 
2 S*(n) = cae ye O(akt2t¢), 
24 PR) = ETD) 
Sp(n)<a« 


This completes the proofs of the theorems. 
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